On 2d gravity and parallel transport field equation on quantum sphere by Yanallah, Abdelkader
On 2d gravity and parallel transport
field equation on quantum sphere.
Abdelkader YANALLAH∗
Laboratoire de Physique The´orique et de l’Interaction Rayonnement-Matie`re (LPTHIRM),
Universite´ BLIDA1, BLIDA, Algeria.
yanallahabdelkader@univ-blida.dz
Abstract
In this work we have obtained the exact quantum expressions for the compenents
of the Levi Cevita connection, the Ricci tensor and the scalar curvature, generalizing
those of [1] for a spherical surface via the noncommutative Moyal star product,
and we have established equations describing quantum effect on the geodesic flow
equation or auto parallel fields equations. These later are solved for the zero and
the first orders of the quantum parameter α when y-symmetry is assumed. We
expressed the general system of equations in terms of Fourier modes indexed by the
integer p = 1, 2, ...,∞ to understand the interdependence of y modes oscillations.
Keyword: Quantum gravity, Noncommutative black hole, Parallel transport.
1 Introduction
Since the work of N. Seiberg and E. Witten [2] there has been a great interest on describ-
ing spacetime in the framework of noncommutative geometry in the aim to understand its
effect on fundamental theories of physics. One of the main purposes of noncommutativity
of the spacetime is to resolve the gravitational singularities problem at very high energy
scales when quantum effects are considered. Profound theoretical and experimental in-
vestigations were developed to link noncommutative parameters to experimental facts [3],
[4] and [5]. Seiberg-Witten map provides a bridge between the ring of functions space,
with quantum parameters and classical product, and the noncommutative space provided
by associative star product called Moyal product. This approach was fruitful to quantize
gravity theories considered as gauge theories, see for instance [1] where an interesting for-
malism was constructed to deal with noncommutative Riemannian surfaces or reference
[6] where a Θ-Twisted gravity was basically constructed on Θ-twisted general coordinate
transformations and local Lorentz invariance. In the context of gauge group ISO(3, 1) we
cite the work of A.H Chamseddine [7] where a deformed gravity is constructed using the
Seiberg-Witten map. The generalization of noncommutative gauge theories to the case
of orthogonal and symplectic groups are discussed in [8]. Noncommutative QFT with
relativistic invariance were studied using twisted Poincare´ symmetry in [9]. We can not
cover all topics of gravity on noncommutative spaces and quantum gravity but we just
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bring intention to reference [10] which is nice alternative to [1], and to [11] to show how
a noncommutative quantum spacetime with minimal length scale behave as 2d manifold.
And for general aspects of noncommutative gravity we cite the following collection: [12],
[13], [14], [15], [16],[17], [18] and [19].
On the other side, a deformed Schwarzschild solution in noncommutative gauge is
computed and red quantum shift effect was estimated in [20]. Authors of [21] think that
spacetime is lower-dimensional at very short distances and hence quantum black holes
produced at the LHC or in cosmic rays scattering live in lower dimensions. Speaking
about black holes lead us to two things among others, the no hair conjecture introduced
by Wheeler [22] related to extractable physical information (mass, spin ,charge...) from
black holes and quantum spheres since the horizon of static or spining black holes are
almost spherical surfaces experiencing very strong gravity and should then be treated
in the framework of quantum gravity [12]. Spheres have also relation to an algebraic
topology theorem, known as hairy theorem [23], which makes restriction on the profile of
existing fields on the sphere. Studying physics in the proximity of black hole horizon asks
for intervening quantum spacetime or equivalently quantum gravity effects.
In this work we have made some specific choices to treat the impact of quantum
effects on geodesic trajectories around the black hole horizon assumed as a perfect 2d-
sphere. But since the notion of trajectory in the realm of quantum physics is a very
fuzzy concept we substitute trajectories on the sphere considered as noncommutative
surface by the flow field associated to geodesic lines submitted to deformed 2d-gravity
via the quantum parameter h. The geometric quantization concerns only the angular
coordinates (x = θ, y = φ) which are the latitude and the longitude of the sphere. The
radial part transverse to horizon is decoupled from the problem of quantization. We have
principally used the Moyal star product, based on Heinsenberg canonical quantization,
and the mathematical formalism constructed in [1] to achieve exact quantum construction
of the 2d-gravity proprieties and as well to define the quantum version of auto parallel
transport field equation.
The organization of this paper is as follows: In section 2 we recall the definition of the
quantum star product defined on 2d quantum space as well as some useful proprieties.
We choose a convenient basis of functions for the study of the 2d sphere geometry. In
section 3 we introduce the noncommutative 2d-sphere definition and establish its quantum
deformed metric and hence derive the exact expressions of quantum version of the Ricci
tensor Rij and the scalar curvature R. In section 4 we define first the noncommutative
parallel transport equation by replacing the standard commutative product of functions
by the Moyal star product in the commutative version of geodesic equation. Then, the
study is specified to auto parallel case where the flow equation is resolved under the
y-symmetry assumption for the zero order and the first order of quantum perturbation
parameter α = tanh(h). The generalization of the flow system equations to arbitrary
fields V µ(x, y) is then given where Fourier series analysis in the y direction is exploited
to compute the p modes of quantum flow equation. We conclude this work with few
comments and perspectives. In the appendix we collect further expressions on star product
and Fourier modes calculation used along this work. Several notations are used in this
paper, thus we have set: cn = cos(ny), sn = sin(ny), chm = cosh(nh), shm = sinh(nh)
and ∂1 = ∂∂x , ∂2 =
∂
∂y
. The rotation invariance about the north-south axis designes what
we call y-symmetry in section 4.
2
2 The Weyl-Moyal product on 2d sphere
Let X ≡ (xµ) ≡ (x, y) and W ≡ (wµ) ≡ (u, v) represent the coordinates of two points on
the two dimensional sphere S. f(X) and g(X) are two generic smooth functions on S.
The Weyl-Moyal product, denoted by the symbol ?, is defined by the following definition
(f ? g)(X) = lim
W→X
exp(V)f(X)g(W ), (1)
with the quadratic derivative operator given by
V = i2θ
µν ∂
2
∂xµ∂wν
, µ, ν = 1, 2. (2)
where θµν = −θνµ are the deformation parameters of the moyal product. We will use
i
2θ
12 = h as short notation. In two dimensions V reduces to
V = h
[
∂2
∂x∂v
− ∂
2
∂y∂u
]
. (3)
This star product, indexed by the parameter h, have the following proprieties:
f ?h g = g ?−h f, (4)
f(x) ?h [g1(x)g2(y)] = g1(x)[f(x) ?h g2(y)], (5)
(f1(x)f2(y)) ?h g(y) = (f1(x) ?h g(y))f2(y), (6)
which can be proved term by term after expansion of (1) according to the power of h. Let
introduce the set of the basic functions fm, suitable for the geometry of sphere surface,
by the following expressions
f1 = sin(x) sin(y), f2 = sin(x) cos(y),
f3 = cos(x) sin(y), f4 = cos(x) cos(y).
(7)
We note here that f1f4 = f2f3 and for any re-scaling σˆX := (σx, σ˜y) of the coordinate
X = (x, y) we have
f(σˆX) ?h g(σˆX) = (f ?h′ g)(X), (8)
where h′ = σσ˜h. The set (7) possesses, under the shift transformation (x, y) → (pi2 −
x, pi2 − y), the permutation propriety
{f1 ←→ f4, f2 ←→ f3} . (9)
The expanded operator:
exp(V) =
∞∑
n=0
n∑
p=0
hn(−1)p
p!(n− p)!
∂2n
∂xn−p∂vn−p∂yp∂up
(10)
is left invariant under the same transformation shift 1. This remark together with (9)
will reduce star product computation. Writing a recursive Mathematica code for exp(V)
1exp(V) is also invariant under the transformation
{h −→ −h, x←→ y, u←→ v} (11)
which acts on fm as follow
f1 ←→ f1, f4 ←→ f4, f2 ←→ f3 (12)
3
we can prove that the Moyal products fn ? fm using (1) reduce, for m = 1, · · · 4 and
m0 = 5−m, to
fm ? fm = fm2 cosh2(h)− fm02 sinh2(h), (13)
f1 ? f2 = (f1 cosh(h)− f4 sinh(h)) (f2 cosh(h)− f3 sinh(h)) , (14)
f1 ? f3 = (f1 cosh(h) + f4 sinh(h)) (f3 cosh(h) + f2 sinh(h)) , (15)
f1 ? f4 = f1f4 +
(
f2
2 − f32
)
sinh(h) cosh(h). (16)
The remaining 9 star products are obtained using prescriptions (4) and (9). On the other
hand for any smooth one variable functions F (x) and G(y) we can obtain by formal
computation
F (x) ? fm =
1
2F (x+ ih)(fm + i p fm2) +
1
2F (x− ih)(fm − i p fm2), (17)
fm ? G(y) =
1
2G(y + ih)(fm + i s fm3) +
1
2G(y − ih)(fm − i s fm3), (18)
where p = (−1)m, m2 = m − p, m3 = 5 − m2 and s = (m − m3)/2. Notice if h is a
real parameter and F and G are real-valued functions then (17) and (18) are also reals
functions.
3 The noncommutative sphere
First let A be a noncommutative h-deformation of the algebra of smooth functions on a
local chart of the sphere S2. To define the noncommutative surface of sphere we introduce
the vector Λh as an element of the space A3 provided with generalized noncommutative
scalar product [a, b, c] · [a′, b′, c′] = a ? a′ + b ? b′ + c ? c′ with euclidean signature, where
a, b, c, a′, b′ and c′ are functions belonging to A. The expression of Λh is
Λh = A f2 e1 + A f1 e2 + B cos(x) e3, (19)
with {e1, e2, e3} is the canonical basis of A3. The coefficients A and B are determined by
the constraint defining the quantum surface i.e. Λh ·Λh = 1. Using (13)-(16) it is easy to
evaluate them and the result is [1]
A = cosh(h)−1, B = A
√
cosh(2h). (20)
Since A is different from B when h 6= 0, the non commutative sphere is viewed as classical
ellipsoid with a symmetry rotation along the z-axis.
The derivative with respect to xµ = (x, y) of Λh gives the tangent basis to the sphere
at the point of coordinates (x, y):
Eµ = ∂µΛh = (−1)(µ+1)Afµ′ e1 + Afµ” e2 − δµ,1B sin(x) e3, (21)
with µ′ = 7 − 3µ and µ” = 4 − µ. The basis Eµ permits us to construct the deformed
metric gµν using the above scalar product ” · ”. Fortunately the result is independent of
the variable y, namely
gµν = Eµ · Eν =
[
sin2(x) + (−α2)δ2,µ cos2(x)
]
δµν − αµν cos(2x), (22)
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where α = tanh(h), δµν is the Kronecker symbol and µν is the Levi-Civita anti-symmetric
tensor. The metric inverse is given therefore by
gµν =
{[
sin2(x) + (−α2)δ1,µ cos2(x)
]
δµν + αµν cos(2x)
}
dα(x), (23)
where
dα(x) = det(gµν)−1 = (sin2(x)− α2 cos2(x) + α2 cos2(2x))−1.
It is important to notice first that the metric tensor is no longer symmetric and second
that Λh · E1 = E1 · Λh = 0 as is the case in the non deformed geometry of the sphere.
But however, Λh · E2 = −E2 · Λh = −α sin(2x) means that the classical orthogonality is
broken for h 6= 0. The left dual basis Eµ of the cotangent bundle is defined by
Eµ ≡ gµν ? Eν = (−1)(ν+1)A gµν ? fν′ e1 + A gµν ? fν” e2 − B gµ,1 sin(x) e3. (24)
The right dual basis E˜µ is obtained from the left one by the general substitution h by −h
(or α → −α) which have the effect to flip the factors of the star product and the scalar
product. Following reference [1] we introduce the connection elements Γσµν 2 and Γµνσ by
Γσµν = ∂µEν · Eσ, Γµνσ = ∂µEν · Eσ. (25)
The connection Γσµν and the dual connection Γ˜σµν are related to the classical Christoffel
symbol cΓµνσ and the noncommutative torsion Υµνσ by
Γσµν = (cΓµνα + Υµνα) ? gασ, Γ˜σµν = gσα ? (cΓµνα −Υµνα) , (26)
where
cΓµνσ =
1
2(∂µgνσ + ∂νgσµ − ∂σgνµ), Υµνσ =
1
2(∂µEν · Eσ − Eσ · ∂µEν). (27)
The components of Γµνσ are listed below
Γ111 = 0,
Γ112 = Γ222 = +α sin(2x),
Γ121 = Γ211 = −α sin(2x),
Γ122 = Γ212 = 12(1 + α
2) sin(2x),
Γ221 = −12(1 + α2) sin(2x).
(28)
Those of Γσµν are
Γ111 = −α
2
2 dα(x) sin(4x),
Γ211 = α dα(x) sin(2x),
Γ112 = Γ121 = 12(α
3 − α)dα(x) sin(2x),
Γ212 = Γ221 = 12(1 + α
2 − 2α2 cos(2x))dα(x) sin(2x),
Γ122 = 14(cos(2x)(α
2 − 1)2 + α4 − 1)dα(x) sin(2x),
Γ222 = α(1− 12(1 + α2) cos(2x))dα(x) sin(2x).
(29)
Since these components are independent of y, we can easily compute the left Riemann
tensor Rlkij using the formula
Rlkij = −∂jΓlik − Γpik ? Γljp + ∂iΓljk + Γpjk ? Γlip. (30)
2These components represent the connection derivative ∇µ on the basis Eν : ∇µEν = Γσµν ? Eσ
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We are interest only by quoting the exact left star expressions of the Ricci curvature Rij
and the scalar curvature R which are defined respectively by
Rij = Rpipj, R = gji ? Rij. (31)
So, we write
R11 =
3α4 + 4α2 + 1
(α2 + 2α2 cos(2x)− 1)2 , (32)
R12 =
α (1− α4) (cos(2x) + 2)
(α2 + 2α2 cos(2x)− 1)2 , (33)
R21 =
α
(
2 (α2 + 1)2 + (α4 − 1) cos(2x)
)
(α2 + 2α2 cos(2x)− 1)2 , (34)
R22 =
(1− α4) (3α2 + (3α2 − 1) cos(2x) + 1)
2 (α2 + 2α2 cos(2x)− 1)2 , (35)
and
R = 2 (α
4 − 1) (3α2 + 2α2 cos(2x) + 1)
(α2 + 2α2 cos(2x)− 1)3 . (36)
The right star expressions are found as usual by the substitution α → −α. Expressions
(32)-(35) and (36) generalize for arbitrary order of α or h the results found in [1] dealing
with the case of noncommutative sphere. If we suppose h ∈ R, the real parameter
α = tanh(h) ranges continuously from −1 to +1 and all above expressions are analytical
in α for the almost values of x such that α2 + 2α2 cos(2x)− 1 6= 0. This suggests the
nice propriety that the right tangent module and the left tangent module are embedded
in the same vector bundle equipped with the continuous basis {Eµ(α)} over the space
S×]−1,+1[. In the extreme case α = ±1 the curvature vanishes and the quantum sphere
becomes flat everywhere on the map of the sphere. It is easy to show that the scalar
curvature could also be negative for some specific regions on the sphere fig.1. When the
quantum parameter is purely imaginary: h = i~, the scalar curvature takes the form
R = 2 (α
4 − 1) (3α2 + 2α2 cos(2x)− 1)
(α2 + 2α2 cos(2x) + 1)3
, (37)
where α = tan ~. Finally notice that at α = α = 0 the Ricci curvature reduces to the
constant value R = R = 2 as expected for a commutative 2d sphere.
4 Parallel transport field equation on the NC-sphere
According to different works based on different quantum deformation definitions, the
notion of geodesic lines and the flow geodesic on noncommutative space are not unique
[24], [25], [26], [27] , [28], [29] and [30]. An intuitive approach is to consider the parallel
transport equation ∇XY = 0 for some two vector fields X and Y (∇X stands for the
covariant derivative projected on the vector field X). When these two fields are identified
to velocity the integral curve is locally a geodesic path. For the purpose to define the
noncommutative analog of the parallel transport equation we introduce the following
expression based on Moyal product defined above
W µ ? DµV
σ ? Eσ = W µ ? (∂µV σ + V ρ ? Γσµρ) ? Eσ = 0, (38)
6
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Figure 1: The Rici curvature Rα as a function of the x coordinate for α = 34 . Rα becomes
negative in the north and the south regions of the sphere (x ∼ 0, pi). The singularities
transition takes place at x = 12 arccos
(
7
18
)
and x = pi − 12 arccos
(
7
18
)
.
where V µ = V µ(x, y) and W µ = W µ(x, y) are the field components on the tangent basis
Eµ of the noncommutative sphere, Γσµρ are given by (29). The auto-parallel transport
equation is a special case when W µ = V µ:
V µ ? DµV
σ ? Eσ = V µ ? (∂µV σ + V ρ ? Γσµρ) ? Eσ = 0. (39)
In fact the two equations (38) and (39) are quite different. The first one is a linear
differential equation in V µ and where W µ is an arbitrary fixed field. The second is a non
linear differential equation. Before considering the treatment of the general case we are
going to get insights into special cases of auto-parallel equation (39).
4.1 The y independent fields: y-symmetry case
Let suppose the vector field components are real valued functions and independent of y :
V µ(x, y) = V µ(x) = (Ψ(x),Φ(x)) ∈ R. After using the explicit components of the basis
(21), we obtain from (39) a system of three equations.
Σ1α(x) ? f4 − Σ2α(x) ? f1 = 0,
Σ1α(x) ? f3 + Σ2α(x) ? f2 = 0,
Σ1α(x) sin(x) = 0,
(40)
where we have put Σσα(x) = V µ(∂µV σ+V ρΓσµρ) and Σσ± = Σσα(x±ih) for in below purpose.
Taking into count the formulas (17), the last system reduces to
Σ1+(f4 + if3) + Σ1−(f4 − if3)− Σ2+(f1 − if2)− Σ2−(f1 + if2) = 0,
Σ1+(f3 − if4) + Σ1−(f3 + if4) + Σ2+(f2 + if1) + Σ2−(f2 − if1) = 0,
Σ1α(x) = 0.
(41)
Multiplying the second equation by i and adding and subtracting it from the first equation
leads to the system 
Σ1+ cos(x) + iΣ2+ sin(x) = 0,
Σ1− cos(x)− iΣ2− sin(x) = 0,
Σ1α(x) = 0.
(42)
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where the substitutions (f1 ± if2) = ±i sin(x)e∓iy, (f4 ± if3) = cos(x)e±iy and a global
factorization of e±iy are performed. Let us, notice that the third equation Σ1α(x) = 0
can be obtained by a limit process (h → 0) together with α fixed on the added two first
ones3; and hence will be considered just as a constraint and will be omitted from the
above system. Explicitly, for any (x, y) ∈ [0, pi[ × [0, 2pi[ and fixed h, and after using
the identities cos(x) = (cos(z)± iα sin(z)) /A and sin(x) = (sin(z)∓ iα cos(z)) /A with
z = x± ih and A given in (20), we have{
(Σ1α(z) + αΣ2α(z)) cos(z) + i (Σ2α(z) + αΣ1α(z)) sin(z) |z=x+ih = 0,
(Σ1α(z) + αΣ2α(z)) cos(z)− i (Σ2α(z) + αΣ1α(z)) sin(z) |z=x−ih = 0.
(43)
This form is an important non local differential equations system for the components
(Ψ(x),Φ(x)). In fact the two equations in (43) are distinct and are evaluated on different
branes or slices: z = x± ih in S×]− 1, 1[ showing the character of non local interaction
between V µ components resulting from the noncommutative effect on the geometrical
coordinates of the sphere. By the virtue of the connection (29), Σ1 and Σ2 have the
following expressions
Σ1α(x) = Ψ∂1Ψ−
{
α2 cos(2x)Ψ2 − α(α2 − 1)ΨΦ−
1
4(α
4 − 1 + (α2 − 1)2 cos(2x))Φ2
}
dα(x) sin(2x),
Σ2α(x) = Ψ∂1Φ +
{
αΨ2 + (1 + α2 − 2α2 cos(2x))ΨΦ+
α
(
1− 12(α
2 + 1) cos(2x)
)
Φ2
}
dα(x) sin(2x).
(44)
We have also from (42) the compatibility equation
Σ1α(x+ ih)Σ2α(x− ih) + Σ2α(x+ ih)Σ1α(x− ih) = 0. (45)
The general solution of the system (43) is not an easy task. For α = 0 our system is
a)
0.0 0.5 1.0 1.5 2.0 2.5 3.0
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b)
Figure 2: a) Plane representation of field flow (49) on commutative sphere for a ratio a0b0 =
1
20
and a spherical domain given by: arcsin
(√
a0
b0
)
≤ x ≤ pi − arcsin
(√
a0
b0
)
and 0 ≤ y ≤ 2pi. b) 3d
representation on commutative sphere of the same field flow.
3At this stage α and h are treated independently even they are related by tanh function. Similarly
we have Σ2α(x) = 0 obtained by the same limit on the difference of the two first equations in (42).
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equivalent to a couple of equations: Σ10(x) = 0 and Σ20(x) = 0 which explicitly read Ψ∂1Ψ−
1
2 sin(2x)Φ
2 = 0,
Ψ∂1Φ + 2ΨΦ cot(x) = 0.
(46)
The system (46) can be linearized by the substitution Φ1 = Ψ2, Φ2 = Φ2 and the use of
the variable ρ = sin(x)2 4. This leaves us with
dΦ1
dρ
= Φ2, ρ
dΦ2
dρ
= −2Φ2. (48)
The solutions up to integration constants are Φ1(ρ) = b0 − a0ρ = b0 − a0sin(x)2 and Φ2(ρ) =
a0
ρ2 =
a0
sin(x)4 . And finally the answer reads
ψ0(x) = ±
√
b0 − a0sin(x)2 , φ0(x) = ±
√
a0
sin(x)2 . (49)
The reality of the field (ψ0(x), φ0(x)) imposes the conditions: a0 ≥ 0 and 1 ≥ sin(x)2 ≥ a0b0 .
In figure 2 we have given the plot of this case when the above conditions are observed.
In this sample the flow (
√
b0 − a0sin(x)2 ,
√
a0
sin(x)2 ) starts as a vortex in the northern region,
crosses the latitude lines, then the equator and reaches the southern region. For a0 6= 0
there are two forbidden zones or holes around south and north poles. Every line field
belongs to the half greatest circle on the sphere as expected from geodesic proprieties. In
the contrast case when conditions are not verified the field becomes imaginary function
and there is no real flow solution on the 2d sphere.
For the first order in α the system (42) gives the following equations
Ψ∂1Ψ− 12 sin(2x)Φ2 − α {2∂1(ΨΦ) + tan(x) (∂1(Ψ∂1Φ)− 2ΦΨ)} = 0,
tan(x)Ψ∂1Φ+2ΨΦ+α {2Ψ2+4 sin(x)2Φ2−sin(2x)Φ∂1Φ+(∂1Ψ)2+Ψ∂21Ψ} = 0.
(50)
These are second order differential equations possessing two independent solutions in
contrast to equations of the first system given in (46) which is reducible to first order
differential system (see (48)) and possessing one solution. When the parameter α is
switched to zero at least one solution of (50) is confluent to the solution of (49) modulo the
discrete symmetry (47). Let us call this the connected solution and let find its deviation
from (49) for small values of α. For this purpose let us insert
Ψ = ψ0 + α Ω(x), Φ = φ0 + α ∆(x). (51)
in the last equations (50) and keep only the first order in α; After some simplification,
the final expression of the system is then
(ψ0 ∂1 + ψ′0) Ω(x)− sin(2x)φ0 ∆(x) + ψ0φ′0 = 0,
ψ0 (tan(x) ∂1 + 2) ∆(x) + φ20 + 2b0 = 0.
(52)
4Let us remark that the system (46) is nonlinear (specially quadratic) and hence possesses the general
discrete symmetry
Ψ −→ ±Ψ, Φ −→ ±Φ
Ψ −→ ±iΨ, Φ −→ ±iΦ. (47)
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This is a non homogeneous system and is integrated by the constant variation method
which gives the expressions of the field deviation:
Ω(x)=d0
sin(x)√
η(x)
+√a0
c0 2ψ0
η(x) +1−
√
2β(x)
sin(x)
(
1− a0
η(x)
)
tan−1
√2 sin(x)√
β(x)
,
∆(x)= 1sin(x)2
(
c0 − a0√
b0
coth−1
(
ψ0√
b0
)
−
(
1 + sin2(x)
)
ψ0
)
,
(53)
where
η(x) = 2(a0 − b0 sin(x)2), β(x) = η(x)
b0
= − 2
b0
sin(x)2ψ20 (54)
and c0 and d0 are new integration constants. At this level we have a special situation to
highlight. In fact for real positive parameters a0 and b0(> a0), the two squares
√
η(x) =√
2(a0 − b0 sin(x)2) and ψ0 =
√
b0 − a0sin(x)2 cannot be simultaneously real which implies
that Ψ(x) is a complex valued function and henceforth cannot represent a physical flow
unless a specific choice is made for the constants c0, d0 and α. So in the generic case it is not
possible to draw a realistic flow deviation similar to figure 2. Of course the solution (53),
which is interpreted as complex quantum fluctuations, still has the y-rotation symmetry
around north-south axis of the sphere as well as the mirror inversion symmetry between
north and south since the full expression depends on sin(x)2 = sin(pi − x)2.
4.2 General case of auto-parallel transport equation
As the vector fields are defined on spherical surface they must fulfill the symmetry re-
quirements which are the special orthogonal rotation symmetries. It follows from the
angular momentum symmetry that the natural basis for smooth functions on a sphere
surfaces is the one spanned by the spherical harmonics Y ml (x, y). We can then assume
that V µ(x, y) for x ∈ [0, pi [ and y ∈ [0, 2pi [ is square integral real function and therefore
can be uniquely decomposed on spherical harmonics basis Y ml (x, y):
V µ(x, y) =
∞∑
l=0
+l∑
m=−l
(
Cµl,mY
m
l (x, y) + C
µ ∗
l,mY
m ∗
l (x, y)
)
, (55)
where Cµl,m are some complex constants carrying the vector index µ. Using the relation
between spherical harmonics and Legendre polynomials Pl,m(cos(x)), namely
Y ml (x, y) = kl,mPl,m(cos(x)) exp(im y), (56)
where kl,m are explicitly given by
√
(2l+1)
4pi
(l−|m|)!
(l+|m|)! and C
µ
l,m = 12(a
µ
l,m + i b
µ
l,m) (a and b ∈ R),
we re-express (55) as follow
V µ(x, y) =
∞∑
l=0
+l∑
m=−l
kl,mPl,m(x)
{
aµl,m cos(my)− bµl,m sin(my)
}
. (57)
We notice that variables x and y are separated in (56) and hopefully the exp(im y) is
an adequate function for the star product. Also the expression of (57) shows after terms
rearrangement a Fourier series behavior if uniform convergence is assumed:
V µ(x, y) = V µ0 (x) +
∞∑
n=1
{
V µC,n(x) cos(n y) + V
µ
S,n(x) sin(n y)
}
. (58)
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Here for instance the zero mode term reads V µ0 (x) =
∞∑
l=0
kl,0Pl,0(x)aµl,0. To compute the
Fourier coefficients we will use later the scalar product 〈gh〉 = ∫ 2pi0 dy g(y)h(y) defined on
the circle S1. Now let insert (58) in (39) to get the following system of equations
Σˆ1α(x, y) ? f4 − Σˆ2α(x, y) ? f1 = 0,
Σˆ1α(x, y) ? f3 + Σˆ2α(x, y) ? f2 = 0,
Σˆ1α(x, y) ? sin(x) = 0,
(59)
where this time we have put Σˆσα(x, y) = V µ(x, y) ? (∂µV σ(x, y) + V ρ(x, y) ? Γσµρ(x)). The
later expression according to (58) is given by
Σˆσα(x, y) =
{
V µ0 (x) +
∞∑
n=1
{
cnV
µ
C,n(x) + snV
µ
S,n(x)
}}
?{
Cσ0,µ +
∞∑
m=1
[
cmCσm,µ(x, h) + smSσm,µ(x, h)
]}
, (60)
where cn = cos(ny) and sn = sin(ny) and the Fourier mode functions are introduced:
Cσ0,µ =δ1µ∂1V σ0 (x) + V ρ0 (x)Γσµρ(x),
Cσm,µ=δ1µ∂1V σC,m+mδ2µV σS,m+
1
2
((
V ρC,m+i V
ρ
S,m
)
Γσµρ(x+i h)+
(
V ρC,m−i V ρS,m
)
Γσµρ(x−i h)
)
,
Sσm,µ=δ1µ∂1V σS,m−mδ2µV σC,m+
1
2
((
V ρS,m−i V ρC,m
)
Γσµρ(x+i h)+
(
V ρS,m+i V
ρ
C,m
)
Γσµρ(x−i h)
)
.
Now let expand the star product in (60). We obtain
Σˆσα(x, y) = Σσα(x) +
∞∑
m=1
[
(V µ0 ? cm)Cσm,µ + (V µ0 ? sm)Sσm,µ+
(cm ? Cσ0,µ)V µC,m + (sm ? Cσ0,µ)V µS,m
]
+
∞∑
n,m=1
[
(cnV µC,n) ? (cmCσm,µ)+
(cnV µC,n) ? (smSσm,µ) + (snV µS,n) ? (cmCσm,µ) + (snV µS,n) ? (smSσm,µ)
]
.
The first term Σσα(x) is already defined just after equation (40). Using formulas (66)-(69)
and (70)-(73) of appendix A.1 and A.2 we return back to commutative multiplication:
Σˆσα(x, y) = Σσα(x) +
1
2
∞∑
m=1
{
cmB σ1,m(x)− smB σ2,m(x)
}
+
∞∑
n,m=1
{
cncmBn,σ3,m(x) + cnsmBn,σ4,m(x) + sncmBn,σ5,m(x) + snsmBn,σ6,m(x)
}
, (61)
where the Bj σ(x) are defined by (78)-(83) in the appendix A.3. To achieve our computa-
tion we have to evaluate for p ∈ N−{0} the Fourier integrals∫ 2pi
0
dy cp (Σˆσα(x, y) ? fj),
∫ 2pi
0
dy sp (Σˆσα(x, y) ? fj), (62)
for j = 1, · · · , 4 and∫ 2pi
0
dy cp (Σˆσα(x, y) ? sin(x)),
∫ 2pi
0
dy sp (Σˆσα(x, y) ? sin(x)), (63)
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to pick the p-modes from the system of equations (59). The details are summarized in
the appendix A.4. Finally, the y-integration of (59) over cosine and sine modes will give,
after algebraic simplifications, the following system
cos(x)
[
−(K1 − L1)(1)p−1chp−1 − (K1 − L1)(2)p−1shp−1 + 4δ1,p(Σ(w) + Σ(z))1α
]
+
sin(x)
[
−(K2 + L2)(2)p−1chp−1 − (K2 + L2)(1)p−1shp−1 + 4iδ1,p(Σ(w)− Σ(z))2α
]
= 0,
cos(x)
[
−(K2 + L2)(1)p−1chp−1 − (K2 + L2)(2)p−1shp−1 + 4iδ1,p(Σ(w)− Σ(z))1α
]
+
sin(x)
[
+(K1 − L1)(2)p−1chp−1 + (K1 − L1)(1)p−1shp−1 − 4δ1,p(Σ(w) + Σ(z))2α
]
= 0,
cos(x)
[
L14,p+1chp+1 − L24,p+1shp+1
]
− sin(x)
[
iL23,p+1chp+1 − iL13,p+1shp+1
]
= 0
cos(x)
[
iL13,p+1chp+1 − iL23,p+1shp+1
]
+ sin(x)
[
L24,p+1chp+1 − L14,p+1shp+1
]
= 0,
chp sin(x)(B1 +M1)1p+shp cos(x)(B2 −M2)1p = 0,
shp cos(x)(B1 +M1)1p−chp sin(x)(B2 −M2)1p = 0, (64)
where the functions Kj(x), Lj(x) and Mj(x) are defined in subsections A.4.
The last system (64) of differential equations represents our final result. It describes
the p Fourier mode (V µ0 (x), V µC,p(x), V
µ
S,p(x)) of the auto parallel field on the quantum
sphere. We can deduce from the last two equations of (64) the simple constraints
M11,p = −B11,p, M12,p = B12,p (65)
which show a deep coupling between different modes of x component of the field. For
p = 1 the two first equations of (64) reduce to the y independent system (42). The great
challenge is how to solve this system of non-local equations. Such objective is beyond the
scope of the actual work.
5 Results and comments
In this work we were interested on 2d quantum gravity introduced on spherical surface
via the noncommutative Moyal star product. We have established equations describing
quantum effect on the geodesic flow equation. For the first goal we succeed to obtain the
exact quantum expressions for the compenents of the Levi Cevita connection, the Ricci
tensor and the scalar curvature, generalizing those of [1]. We found that the quantum
sphere becomes flat (R = 0) in the extreme case when h goes to ∞ (α = ±1). Moreover,
the scalar curvature could even, for some values of α, be negative on some region of the
sphere, a fact which could have an impact on the geodesic lines if solutions exist there.
For the second goal we have resolved the auto parallel field equation at the zero order
and the first order of the quantum parameter α. Under the assumption of y-symmetry
the solution for the first order is a complex field almost everywhere. This means that
this correction couldn’t be interpreted as physical geodesic deviation at least for this
order of approximation. Our general result (64) for a given mode p = 1, 2, ...∞ shows
an interdependence between higher and lower modes. Moreover the finite gap between
w = x+ih and z = x−ih (for finite value of h) makes these equations non local differential
equations system. The y-symmetry situation studied in subsection 4.1 is the case where
all higher ”oscillations” are desactivated. The strategy to solve (64) is to activate the few
N first modes and switch-off the remaining infinite modes (Bj = 0 when n,m > N) then
proceed to α expansion of the differential equations. Evidently the y-symmetry will break
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and technical difficulties need more care. At any order of α, spherical rotations around
arbitrary axis of the sphere offer a way to generate new solutions.
We have to notice that our actual results are not intrinsic proprieties of the sphere
but depends on the choice of the local chart. In fact we have used the spherical system
coordinate to describe points of sphere: x = θ for latitude and y = φ for longitude. Also
we have choose a star product based on Heinsenberg quantization rule ([x, y] = h) and
obviously this product is not covariant under local diffeomorphisms of the sphere. In the
expression (19) defining the vector Λh we have made a symmetric choice that gave us
the metric (22) which is independent of y and it is this fact that made the subsequent
computations more easy. Other asymmetric choice of Λh are more difficult even if they
fulfill the classical condition of the unit radial vector Λ0 = f2 e1 + f1 e2 + cos(x) e3 when
h goes to 0. The last remark to make concerns the use both of the usual product ” · ” and
the star product ” ? ” inside the Fourier integrals (62) and (63). A possible alternative
is to use only the star product but this way will ask for more efforts and will give an
alternative flow equations system.
This work could be reproduced for quantum 2d-hyperbolic surfaces just by changing
the signature of scalar product on A3 (see section 3) as follows [a, b, c] · [a′, b′, c′] = a ?a′+
b ? b′ − c ? c′ and using the Wick rotation: x → i x in the trigonometric functions. The
results are formally very similar to the spherical case and don’t need more investigations.
However physical implications could be different and interesting as the chaotic regime
of the flow on hyperbolic surface. Other important questions remain without response
in our work. They concern first the effect of the quantum deformation on geodesic flow
beyond the first order of α and second what is about the other solutions not confluent
to (49). As soon perspective the quantum torus T 2 will be treated to show how geodesic
flow will behave under quantum deformations. The S3 sphere viewed as hypersurface
in euclidean four dimension space is another good candidate to apply the formalism of
noncommutative surfaces. The two last examples are so important because both are Lie
groups and parallelizable manifolds and we expect that the geodesic flow is unaltered by
”suitable canonical quantization” of their map coordinates. Other schemes of quantization
are possible for the star product; for instance we cite the star product based on Lie
commutators ([x, y] = ihz, ...). But computation are not easy to conduct for these schemes
and important efforts should be developed.
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A Some useful star products and mode integration
A.1 Star product of F (x) with trigonometric functions
Let us quote some relations for star product including trigonometric functions
2F (x) ? cm = (cm − ism)F− + (cm + ism)F+, (66)
2F (x) ? sm = (sm − icm)F+ + (sm + icm)F−, (67)
2cm ? F (x) = (cm − ism)F+ + (cm + ism)F−, (68)
2sm ? F (x) = (sm − icm)F− + (sm + icm)F+, (69)
where F± = F (x± ihm) for short notation.
A.2 Reduced ?-product of F (x) and G(x)
The star product which concerns the non commutative variables x and y induces a star
product on functions of x only when trigonometric functions are implicated as follow
(cnF )?(cmG)=A(nm)FG,1cncm+A
(nm)
FG,2cnsm+A
(nm)
FG,3sncm+A
(nm)
FG,4snsm, (70)
(cnF )?(smG)=A(nm)FG,1cnsm−A(nm)FG,2cncm+A(nm)FG,3snsm−A(nm)FG,4sncm, (71)
(snF )?(cmG)=A(nm)FG,1sncm+A
(nm)
FG,2snsm−A(nm)FG,3cncm−A(nm)FG,4cnsm, (72)
(snF )?(smG)=A(nm)FG,1snsm−A(nm)FG,2sncm−A(nm)FG,3cnsm+A(nm)FG,4cncm, (73)
where we have introduced 4 new residual star products of F and G on x dimension only:
A
(nm)
FG,1 = + cos(nh∂⊗1) cos(mh∂⊗2)(F ⊗G)(x), (74)
A
(nm)
FG,2 = − cos(nh∂⊗1) sin(mh∂⊗2)(F ⊗G)(x), (75)
A
(nm)
FG,3 = + sin(nh∂⊗1) cos(mh∂⊗2)(F ⊗G)(x), (76)
A
(nm)
FG,4 = − sin(nh∂⊗1) sin(mh∂⊗2)(F ⊗G)(x), (77)
where ∂⊗1 = ∂1 ⊗ 1 (resp. ∂⊗2 = 1⊗ ∂1) acts as a derivative on F (x) (resp. G(x))of the
tensor product. We call these expressions reduced ?-products.
A.3 Definitions of Bj σ(x) functions
For short notation we have used above the following expressions
B σ1,m(x)=(V µ0−+V µ0+)Cσm,µ−i(V µ0+ − V µ0−)Sσm,µ+
(Cσ0+,µ+Cσ0−,µ)V µC,m−i(Cσ0−,µ−Cσ0+,µ)V µS,m, (78)
B σ2,m(x)= i(V µ0−−V µ0+)Cσm,µ−(V µ0+ + V µ0−)Sσm,µ+i(Cσ0+,µ−
Cσ0−,µ)V µC,m−(Cσ0−,µ+Cσ0+,µ)V µS,m, (79)
Bn,σ3,m(x) = A(nm)CC,1 − A(nm)CS,2 − A(nm)SC,3 + A(nm)SS,4 , (80)
Bn,σ4,m(x) = A(nm)CC,2 + A(nm)CS,1 − A(nm)SC,4 − A(nm)SS,3 , (81)
Bn,σ5,m(x) = A(nm)CC,3 − A(nm)CS,4 + A(nm)SC,1 − A(nm)SS,2 , (82)
Bn,σ6,m(x) = A(nm)CC,4 + A(nm)CS,3 + A(nm)SC,2 + A(nm)SS,1 , (83)
where the subscripts {CC,CS, SC, SS} of AFG,i mean that the substitution
{(V µC,n, Cσm,µ), (V µC,n,Sσm,µ), (V µS,n, Cσm,µ), (V µS,n,Sσm,µ)}
is understood in the reduced ?-products (74)-(77).
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A.4 p-Modes of the star products Σˆσα ? sin(x) and Σˆσα ? fj.
With p > 0 and the abbreviated notation shp = sinh(ph) and chp = cosh(ph) we have∫ 2pi
0
dy cp(Σˆσα(x, y) ? sin(x))=
pi
2
{
chp sin(x)(B1 +M1)σp+shp cos(x)(B2 −M2)σp
}
,∫ 2pi
0
dy sp(Σˆσα(x, y) ? sin(x)) =
pi
2
{
shp cos(x)(B1 +M1)σp−chp sin(x)(B2 −M2)σp
}
,
where
Mσ1,p(x) =
∞∑
n=1
(Bn,σ3,p−n−Bn,σ6,p−n+Bn,σ3,p+n+Bn,σ6,p+n+Bn,σ3,n−p+Bn,σ6,n−p),
Mσ2,p(x) =
∞∑
n=1
(Bn,σ4,p+n−Bn,σ5,p+n+Bn,σ4,p−n+Bn,σ5,p−n−Bn,σ4,n−p+Bn,σ5,n−p).
Next, setting z = x+ ih, w = x− ih and knowing that Bn,σj,m=0 = 0 we have∫ 2pi
0
cpΣˆσα(x, y)?f1=
pi
8
{
chp−1(K2+L2)σp−1 sin(x)+shp−1(K1−L1)σp−1 cos(x)+
ichp+1Lσ3,p+1 sin(x)+shp+1Lσ4,p+1 cos(x)
}
+ ipi2 sin(x)δ1,p (Σ
σ
α(z)−Σσα(w)) , (84)∫ 2pi
0
cpΣˆσα(x, y)?f2=
pi
8
{
shp−1(K2+L2)σp−1 cos(x)−chp−1(K1 − L1)σp−1 sin(x)+
chp+1Lσ4,p+1 sin(x)− ishp+1Lσ3,p+1 cos(x)
}
+ pi2 sin(x)δ1,p (Σ
σ
α(w) + Σσα(z)) , (85)∫ 2pi
0
cpΣˆσα(x, y) ? f3 =
pi
8
{
chp−1(K2 + L2)σp−1 cos(x)− shp−1(K1 − L1)σp−1 sin(x)+
ichp+1Lσ3,p+1 cos(x)− shp+1Lσ4,p+1 sin(x)
}
+ pi2 i cos(x)δ1,p (Σ
σ
α(z)− Σσα(w)) , (86)
∫ 2pi
0
cpΣˆσα(x, y) ? f4 =
pi
8
{
−chp−1(K1 − L1)σp−1 cos(x)− shp−1(K2 + L2)σp−1 sin(x)+
chp+1Lσ4,p+1 cos(x) + ishp+1Lσ3,p+1 sin(x)
}
+ pi2 cos(x)δ1,p (Σ
σ
α(w) + Σσα(z)) , (87)∫ 2pi
0
spΣˆσα(x, y) ? f1 =
pi
8
{
shp−1(K2 + L2)σp−1 cos(x)− chp−1(K1 − L1)σp−1 sin(x)−
chp+1Lσ4,p+1 sin(x) + ishp+1Lσ3,p+1 cos(x)
}
+ pi2 sin(x)δ1,p (Σ
σ
α(w) + Σσα(z)) , (88)∫ 2pi
0
spΣˆσα(x, y) ? f2 =
pi
8
{
−chp−1(K2 + L2)σp−1 sin(x)− shp−1(K1 − L1)σp−1 cos(x)+
ichp+1Lσ3,p+1 sin(x) + shp+1Lσ4,p+1 cos(x)
}
− pi2 i sin(x)δ1,p (Σ
σ
α(z)− Σσα(w)) , (89)∫ 2pi
0
spΣˆσα(x, y) ? f3 =
pi
8
{
−chp−1(K1 − L1)σp−1 cos(x)− shp−1(K2 + L2)σp−1 sin(x)−
chp+1Lσ4,p+1 cos(x)− ishp+1Lσ3,p+1 sin(x)
}
+ pi2 cos(x)δ1,p (Σ
σ
α(w) + Σσα(z)) , (90)∫ 2pi
0
spΣˆσα(x, y) ? f4 =
pi
8
{
shp−1(K1 − L1)σp−1 sin(x)− chp−1(K2 + L2)σp−1 cos(x)+
ichp+1Lσ3,p+1 cos(x)− shp+1Lσ4,p+1 sin(x)
}
− pi2 i cos(x)δ1,p (Σ
σ
α(z)− Σσα(w)) , (91)
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where
Kσ1,p =
∞∑
n=1
[−B3(w)− iB4(w) + iB5(w)− B6(w)− B3(z) + iB4(z)− iB5(z)− B6(z)]n,σ|n−p|
[−B3(w) + iB4(w)− iB5(w)− B6(w)− B3(z)− iB4(z) + iB5(z)− B6(z)]n,σn+p ,
Kσ2,p =
∞∑
n=1
[−iB3(w) + B4(w)− B5(w)− iB6(w) + iB3(z) + B4(z)− B5(z) + iB6(z)]n,σ|n−p|
[−iB3(w)− B4(w) + B5(w)− iB6(w) + iB3(z)− B4(z) + B5(z) + iB6(z)]n,σn+p ,
Lσ1,p = [+B1(w) + iB2(w) + B1(z)− iB2(z)]σp ,
Lσ2,p = [−iB1(w) + B2(w) + iB1(z) + B2(z)]σp ,
Lσ3,p = [−B1(w) + iB2(w) + B1(z) + iB2(z)]σp ,
Lσ4,p = [+B1(w)− iB2(w) + B1(z) + iB2(z)]σp .
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